It is standard practice to study the lensing of gravitational waves (GW) using the geometric optics regime. However, in many astrophysical configurations this regime breaks down as the wavelength becomes comparable to the Schwarzschild radius of the lens. We revisit the lensing of GW including corrections beyond geometric optics. We propose a perturbative method for calculating these corrections simply solving first order decoupled differential equations. We study the behaviour of a single ray and find that the polarization plane defined in geometric optics is smeared due to diffraction effects, which leads to the rise of apparent vector and scalar polarization modes. We also study the impact of diffraction on the pseudo-stress energy momentum tensor of the gravitational field.
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I. INTRODUCTION
The direct detection of gravitational waves (GW) by the LIGO/Virgo collaboration [1, 2] has given us a new way of observing the cosmos. Instead of measuring electromagnetic waves at various frequencies, we can detect perturbations of the spacetime itself. Very much like the electromagnetic field, these perturbations obey a wave equation -hence being dubbed gravitational waves.
In studying the propagation of gravitational waves from distant objects, the standard approach is to use the geometric optics regime. In practice, this means that waves propagate along geodesics of the background (or perturbed) spacetime. Furthermore, the two transverse tensor polarizations of the wave are unchanged apart from parallel transport along the geodesic path. This means that effects such as lensing or time delay can be calculated for gravitational waves much in the same way as is done for light rays. One can then import the techniques that have been developed for light propagation in astrophysics and cosmology (such as, for example, the cosmic microwave background or galaxy lensing) directly into gravitational wave physics (see e.g. [3] [4] [5] [6] for weak lensing analyses of GW).
If one scrutinizes the conditions under which geometric optics can be applied, one finds that it may not be appropriate in the case of realistic scenarios for gravitational waves [7] [8] [9] [10] . Consider a localized object with a certain mass (or equivalently, Schwarzschild radius) acting as a lens for an incoming monochromatic plane wave with wavelength λ . The geometric optics approximation is valid in the weak field regime when the wavelength is much smaller than the Schwarzschild radius of the lens [7] [8] [9] [10] . We can understand this by making an analogy with the double slit experiment, with the geometry represented in Figure 1 . When waves with wavelength λ pass through the slits, an interference pattern is produced on the screen. We denote the distance from each slit to the observer * Electronic address: giulia.cusin@physics.ox.ac.uk † Electronic address: mlagos@kicp.uchicago.edu as l ± . By geometry, these distances can be expressed as:
where r E is the separation between the slits, D is the distance between the slits and the screen, and x is the position of the observer on the screen, measured from the point on the screen with the minimum distance to the middle point between the two slits. Denoting the path length differences as ∆l = |l + − l − | we obtain
where we have assumed D (r E , x). The width of the central peak is obtained setting ∆l ∼ λ and it is given by
In the ray optics regime, the radiation incoming across the screen effectively behaves as a particle. On the screen, only observers located in correspondence to the two slits in x 1 and x 2 would receive a signal. In particular, an observer located at x = 0 would not receive any signal, i.e. the width of the first peak can be neglected in this regime. In more formal terms, we can state that the regime of validity of ray optics is when ∆x r E , i.e. using (3), for
We can now think of a similar setting, where instead of the two slits we have a point-like lens with Einstein radius [11] 
where D LS , D OS , and D OL are the angular diameter distances of lens-source, observer-source, and observer-lens, respectively. Then it turns out that the validity of ray optics to study the propagation of the wave after the lens is given by (4) . Assuming for simplicity D OL ∼ D LS ∼ D OS , this gives back the condition that the wavelength is smaller than the Schwarzschild radius of the lens, λ r S . This is a necessary condition for geometric optics to be valid. 1 Geometric optics is certainly appropriate for waves from gamma to radio frequencies, but that may not be the case for gravitational waves. Indeed, Pulsar Timing Arrays 2 and the Laser Interferometer Space Antenna (LISA) 3 may detect GW with wavelength of astrophysical lengths, of the order of fraction of parsecs. This means that GW will have wavelengths comparable or even larger than the Schwarzschild radius of astrophysical objects, and standard lensing processes will likely include wave effects that must be appropriately taken into account. Furthermore, lens objects that are in optically thick regions (such as inside galaxies) can still be detected by lensing of GW since GW propagate through surrounding matter without much absorption. As a consequence, GW can probe much smaller lenses, at the sub galactic scale.
We emphasize that the analysis of wave effects is essential in order to appropriately interpret the GW signals received, reconstruct the gravitational potential of structures along the line of sight, and hence extract unbiased intrinsic properties of GW sources. Over the years, a lot of work has been dedicated to the computation of wave effects in GW propagation [11] [12] [13] [14] [15] , including diffraction, refraction and scattering. Regarding lensing of GW, wave effects from binary compact objects have been considered in [7, 8, 10, 16, 17] . However, in all these works the spin nature of GW is neglected, and the wave is treated as a scalar (spin-0) wave. In other words, it is assumed that the polarization tensor of the wave stays con-1 Note that the condition is actually given by λ 2r S D LS /D OS . The geometric factor D LS /D OS is of order one when the lens is close to the observer and it decreases as the lens gets closer to the source. However, it gets significantly small only when the lens is very close to the source. As an example, for a source at 40 Mpc from us and a lens at 38 Mpc (i.e. much closer to the source than to us) in a ΛCDM universe, the condition of validity of geometric optics reads λ 0.1r S . Nevertheless, we will neglect this geometric factor when making order of magnitude estimates throughout the paper. 2 See e.g. http://www.ipta4gw.org 3 www.lisamission.org stant during propagation. In this work, we do not introduce this assumption, we keep track of the spin-2 nature of GW, which allow us to analyze wave effects on both amplitude and polarization. We find that, beyond geometric optics, an incident ray is diffracted and, as a result, the original polarization plane is smeared and effective vector and scalar polarizations arise. The work proposed here provides a first step towards disentangling effects coming from propagation in a universe with structures and effects coming from intrinsic properties of the emitting sources.
Whenever there is a moderate separation of scales (as in most cases of physical interest), one expects that geometric optics remains a valid approximation, and that more accurate results can be obtained by including higher-order corrections, which will provide insights into wave-optical phenomena that are not taken into account in the eikonal limit 4 . This is the idea that we follow in this work: we develop a perturbative approach to study small effects beyond geometric optics. This approach has been used for the case of electromagnetic waves in [18] and more recently in [19] , where it was shown that corrections beyond geometric optics lead to the so-called spin Hall effect [20] . A similar perturbative approach has been considered in the context of electromagnetic and gravitational wave propagation in [21] . In this paper, we introduce a new framework to recursively solve the beyond geometric optics equations in terms of a system of decoupled first order differential equations. This allows us to investigate general properties of the polarization tensor of the wave as well as its pseudo energy momentum tensor once beyond geometric optics corrections are accounted for.
This paper is organized as follows. In Section II we derive the equations describing the propagation of gravitational waves once geometric optics corrections are added. We then perform a perturbative expansion that allows us to identify the geometric optics limit and leading corrections beyond it. In Section III we propose a framework to explicitly solve these equations in terms of a system of decoupled first order differential equations. In Section IV we introduce the Newman-Penrose scalars, which provide gauge-invariant quantities describing the possible polarizations of GW. In Section V we compute the pseudo energy-momentum tensor of the gravitational field and we identify a propagation vector effectively giving the direction of propagation of the wave's average energy. Finally, in Section VI we discuss the regime in which our formalism may be useful and lay out future steps in developing this machinery to accurately predict and asses the detectability of wave effects of GW.
Throughout this paper we will use natural units with c = 8πG = 1 and signature mostly plus for the metric. We will also denote symmetrization and antisymmetrization of an operator A µν as A (µν) ≡ 1
II. FORMALISM
We start by considering the Einstein equations of motion in the presence of matter:
where G µν is the Einstein tensor and T µν the stress-energy momentum tensor of matter. In order to study gravitational waves, we separate the dynamical spacetime into a smooth (or slowly varying in space) background fieldḡ µν and a quickly varying perturbation h µν as:
where h µν describes small ripples on the background, hence identified as gravitational waves. The background metricĝ µν satisfies the Einstein equations, whereas the linear perturbation satisfies the following dynamical equation:
where we have defined ψ µν = h µν − (1/2)ĝ µν (ĝ αβ h αβ ), and f µ = ψ µν ;ν . We also introduce the trace of this object, defined as ψ = ψ µνĝ µν . Here, all covariant derivatives are taken with respect to the background metric. Note that under a linear coordinate transformation x µ → x µ +ξ µ the equations of motion are invariant, but the individual quantities previously defined change as:
where ξ µ is an arbitrary small function of the space-time coordinates x µ . Then, we can fix the gauge parameter ξ µ to have f µ = ψ = 0. Note that this gauge choice corresponds to the Lorentz gauge where ψ µν = h µν , h = 0, and
We see that eq. (10) and the traceless condition give five constraints of the ten degrees of freedom of the metric perturbation. As we will confirm later, there will be a residual gauge freedom to be fixed in order to reduce the system to the two physical degrees of freedom of the massless graviton. The residual freedom can be explicitly identified and fixed once the backgroundĝ µν is chosen. From now on we assume that we are outside the lens, and hence in vacuum where the stress energy tensor vanishes for the background and perturbations. In this case, the background metric is a solution to the Einstein equations in vacuum. In the Lorentz gauge, the equations of motion then become:
and using the background equations forĝ µν , one is left with
In curved spacetimes, eq. (12) cannot be solved explicitly, except in cases of high symmetry. Furthermore, on a general curved background, we cannot define exact plane waves. However, in many cases of interest for gravitational lensing, one is interested on waves which appear as nearly plane on a scale large with respect to a typical wavelength of the wave, but small compared to the radius of curvature of the curved background on which the wave propagates. In analogy to these locally plane waves, we parametrize h µν in the following form:
where ℜ is the real part of the expression in parenthesis. Here, Φ(x) is a real scalar function of the coordinates describing the phase of the waves, whereas ε µν (x) is a symmetric complex tensor describing the polarization and amplitude. The parametrization (13) will become intuitive in the limit of geometric optics, where there is a natural split into a fast varying phase, Φ, that describes a large wave frequency, and a slowly varying part, ε µν , that describes a smoothly evolving wave amplitude. Next, we insert this Ansatz into the Einstein equations:ˆ
which can be explicitly written as
where we have defined k β = Φ ;β as the gradient of the phase. Similarly, the gauge eq. (10) gives:
together with the traceless choice ε µ µ = 0. In geometric optics, the last two terms of eq. (15) are systematically neglected, which is legitimate only in the weak field regime where the curvature contribution becomes small. More precisely, as discussed in [22, 23] the weak-field approximation is valid when (r E /b) 2 1, where b is the impact parameter, otherwise non-linearities become large. However, even in the weak field regime one can get wave effects if the wavelength is sufficiently large. In general, we expect the size of beyond geometric optics corrections to be of order (λ /r S )(r S /b)(r E /b) 2 , which will be small when the wavelength is small compared to the Schwarzschild radius of the lens, and when the impact parameter is much larger than r E (and r S ), i.e. λ r S b. Since the typical size of weak lensing effects in geometric optics is of order (r E /b) 2 , then the relative suppression of wave corrections is expected to be of order (λ /b).
In order to illustrate this, let us consider the case of a wave traveling past a point-like lens described by a Schwarzschild metric, with radius r S . In this case, the gravitational potential is only a function of the radial coordinate r, φ (r) ∼ r S /r which we will assume to be much smaller than one. Then, we estimate the contributions of the last two terms in eq. (15) as (at linear order in the metric potential φ ):
while the terms in square bracket in eq. (15) give:
where we used ∂ k/k ∼ φ /r. It follows that for geometric optics to be valid one needs the terms in eq. (18) to be much smaller than those in (17), i.e. λ b. In this regime, we compute beyond geometric optics corrections using a perturbative approach. We introduce a large dimensionless parameter ω and expand the phase and tensor of eq. (13) in the following way:
This expansion corresponds to a beyond-WKB approximation for a spin-2 wave. The parameter ω is introduced for bookkeeping but at the end one can absorb and ignore it. Also, Φ and ε µν are assumed to not depend on ω. The limit ω → ∞ will describe the geometric optics limit, in which the phase ωΦ changes rapidly compared to the amplitude of the wave, and whose gradient will describe the momentum of the geometric optics wave. Note that we could have also expanded the phase in powers of ω, and the result would have been equivalent to (13) with rescaled and shifted amplitudes ε (n) µν
.
In what follows, we write down explicitly the equations of motion for the leading and subleading terms in the expansion (20) in order to describe the geometric optics regime and its corrections.
A. Geometric Optics
At leading and next-to-leading order in ω we have the following equation that describes the geometric optics regime:
which then leads to two separate conditions for each order in ω:
From eq. (22) we see that k µ is a null vector and thus gravitational waves propagate at the speed of light. Since k µ is also a gradient we have that it inevitably satisfies the null geodesic equation
The gauge condition at leading order in ω gives
which indicates that the polarization is a transverse tensor. We note that we can separate ε µν into an amplitude and polarization part as:
with A = ε 0 * µν ε 0µν and A µν A µν = 1 , and simplify eq. (23) using the gauge condition to obtain:
These equations indicate that polarization is parallelpropagated along the null vector k µ , and lead to the covariant conservation of flux (i.e. (A 2 k α ) ;α = 0). Indeed, we can define a four-momentum of the gravitons as P µ ≡hk µ and introduce N µ = A 2 /(h 2 )P µ that we interpret as the graviton number current density. Then, we have ∇ µ N µ = 0 which implies (via the Gauss's theorem) that the number of gravitons in a ray bundle is conserved and observer-independent. From this point of view, we can treat an incoherent gravitational radiation field as a graviton gas whose state is given by a distribution function on phase space.
B. Beyond Geometric Optics
Next, we take into account the leading order corrections beyond geometric optics. In the equation of motion (15) we collect sub-leading order terms in ω and obtain:
and the gauge condition gives
where we have introduced the source-like tensors
where the last term in eq. (31) is actually vanishing since k µ is a null vector. We see that the gauge equation (30) tells us that the polarization tensor beyond geometric optics is not transverse. The Einstein equation for the polarization tensor (29) has now a source term and does not have a direct interpretation in terms of conservation of graviton flux. Note that these the two sources (31)-(32) are the sole responsible for deviations beyond geometric optics. We emphasize that this procedure can be generalized at a generic order n > 0 beyond geometric optics. In general, the Einstein and gauge equations will be given by:
where
The goal is then to construct an algorithm for solving eqs. (29) with gauge (30) in order to reconstruct the total GW tensor including corrections beyond geometric optics, that is,
with
µν e iωΦ } . (37) In general, beyond geometric optics terms will add a correction to the phase and the amplitude of the wave, which, from eq. (34), will no longer be transverse to the wave vector k µ .This will generically be the case due to the fact that the wave will be diffracted, leading thus to a new total wave with oscillations in different directions. In this case, the polarization plane transverse to k µ will be smeared and, as we will show in Section IV, new effective polarizations will arise.
In the next section, we will discuss how to solve the equations of motion for ε (n) µν . However, we first mention that in order to find the solutions of this system, we will have to fix the residual gauge freedom. Indeed, eq. (34) and the traceless condition, at each given perturbative order provide five algebraic conditions on ε (n) µν . This implies that there are three residual gauge parameters that remain to be fixed. We will explicitly discuss how to fix the gauge in a specific example in Section III.
We conclude this section with a remark. We observe that the real and the imaginary part of ε µν is real (as would be the case for a linearly polarized wave from a black hole binary edge-on along the line of sight), then ε (2n) µν will be real and ε (2n−1) µν will be purely imaginary. In this case, we can rewrite the first order correction in eq. (37) using the fact that ε (1) µν is purely imaginary, as
Hence we see that the total leading correction beyond geometric optics is a wave which has an additional contribution of π/2 to the phase.
III. COMPUTATIONAL TECHNIQUE
In this section, we propose an algorithm to compute beyond geometric optics corrections in a recursive way in terms of decoupled first-order differential equations. We introduce a tetrad of null vectors (parallel transported along the geodesic associated to k µ ) 6
where n µ is real, and m µ and µ are complex such that:
with all other contractions vanishing. This null tetrad forms a complete basis for real 4-vectors, and the spacetime metric can always be written as:
Next, we use the null tetrad to form a basis for the rank-2 tensor ε µν as:
where α AB are all complex coefficients whereas Θ µν are operators constructed from the null tetrad and form a basis for rank-2 tensors. Explicitly, there will be 10 symmetric operators defined as:
with (A, B) = {k, m, , n}. For future reference, we mention properties that these operators satisfy due to the orthogonality of the null tetrad:
with all other scalar contractions vanishing. We use this decomposition to obtain a set of equations of motion for the coefficients α AB such that the Einstein and gauge equations are satisfied. Explicitly, we replace eq. (42) into (15) and obtain:
where we have introduced the directional derivative along k µ defined as
where λ is an affine parameter along the graviton geodesic. Similarly, the Lorentz gauge equation gives:
The gauge condition on the trace is equivalent to g µν ε µν = 0 and gives the condition
We can use this formalism to revisit the geometric optics limit and its corrections. In the geometric optics limit, all the source terms in the equations for the coefficients α AB vanish. Therefore, from the gauge conditions (61)-(65) it follows that in this regime the following coefficients will vanish
whereas the remaining five coefficients
mm , α (0) will satisfy the same schematic equation:
Next, we expand the Einstein and gauge equations to obtain the leading order beyond geometric optics (note that equations for higher order corrections will have the same structure). The source terms are given by:
and the equations of motion become:
2Dα
where all the operators on the right hand side are evaluated in the geometric optics limit. Similarly, the gauge equation gives:
and the traceless condition gives α (1)
We see that beyond geometric optics, in principle all the components of the polarization tensor are sourced and thus non vanishing. We also note that the gauge conditions fix some of the same coefficients that satisfy also eq. (70), (71), (73), (74), (75). This means that in these cases there will be relations between the sources S (0) µν (Θ AB ) µν and S (0) µ A µ , which will be automatically satisfied by construction.
As we have mentioned before, in order to find the solution to these equations, we must fully fix the gauge. We assume that sufficiently far from the source and the lens, the spacetime is nearly flat. Then far from the source we have still the freedom to transform the (total) polarization tensor as
where C µ is a complex arbitrary vector orthogonal to k µ . This gauge transformation preserves both the Lorentz gauge and traceless condition in Minkowski. We fix this freedom in the geometric optics limit by imposing that n µ ε (0) µν = 0 near emission. As a consequence, we end up with the following additional coefficients vanishing:
We are therefore left with only two non-zero amplitudes:
These amplitudes (which are complex) require four initial conditions to be fully fixed, and describe the two possible polarizations of gravitational waves for a massless graviton. For the corrections beyond geometric optics, since the source terms (68) and (69) are vanishing on a flat background, a natural gauge choice is to set all the coefficients α (n) AB beyond geometric to zero near emission. Hence in that region we have
µν . This choice fixes the initial conditions for all the first-order differential equations for α (n) AB . As the wave propagates, corrections to (87) are generated, sourced by (68) and (69) which are non-zero on a curved background. However, these are not new degrees of freedom of the wave but they rather represent additional effects that appear from taking the curvature of the background into consideration.
A. An example: geometric optics for point-like lens
In order to illustrate the use of the technique proposed, we solve the geometric optics order in an explicit situation: GW lensed by a point-like lens in the weak field regime. Let us then consider the following spherically symmetric background spacetime:
with dΩ 2 = r 2 (dθ 2 + sin θ 2 dϕ 2 ) and φ = φ ( x) is the gravitational potential of the lens which we assume to be weak outside the lens, φ 1. This spacetime will be valid for scenarios where we have a massive astrophysical object acting as a lens and we study the behaviour of gravitational waves far enough from the object.
Outside the source and sufficiently far from the lens, the spacetime is flat so we can solve the equations for the geometric optics regime perturbatively around Minkowski. We thus introduce the Minkowski tetrad {k µ ,m µ ,¯ µ ,n µ }. Explicitly, the wavevectork µ can be written as
where e is the direction of the spatial momentum normalized to unity: |e| 2 = 1, and E is a constant amplitude for the 4vector momentum. Similarly, the rest of the tetrad can be chosen asn
where e 1,2 are real orthonormal 3D vectors, i.e. |e 1,2 | 2 = 1 and e 1 · e 2 = 0, orthogonal to e as well, that is, e 1,2 · e = 0. For instance, for a wave traveling along −z we would have:
(1, 0, 0, 1),m µ = 1 √ 2 (0, 1, i, 0) .
(91) In Minkowski, the two coefficientsᾱ mm andᾱ are constants that will be determined by initial conditions, which in turn describe different physical set ups (e.g. the choice ofᾱ mm = 1 andᾱ = 0 describes an emitted right-handed circularlypolarized wave).
Next, we calculate how the emitted plane wave gets modified when it propagates on a spacetime which is curved. We work in the weak field limit, and we reconstruct the wave at the observer at linear order in the metric potential φ . In particular, we expand the geometric optics vector k µ as
wherek µ is the 4-vector in Minkowski, and δ k µ is a small perturbation satisfying the linearized geodesic equation, which gives [24] :
where we chose the affine parameter such that dλ = −E −1 dz and λ S is the value of the affine parameter at the source. Similarly, we can use the geodesic equation to obtain δ m µ :
with δ µ given by its complex conjugate. Note that this solution indeed satisfies the orthogonality condition k µ m µ to linear order, that is, δ k µm µ = −δ m µk µ . Using the rest of the properties of the tetrads we solve for δ n µ and obtain:
which satisfies the relations δ n µm µ = δ n µn µ = 0 and δ n µk µ = −δ k µn µ . Finally, we solve for the two coefficients α (0) mm and α (0) :
which vanish at linear order in the potential. It follows that the polarization tensor at any position x ≡ x(λ ), in geometric optics is given by
where the tensors Θ mm µν and Θ µν are built using m µ =m µ + δ m µ and µ =¯ µ + δ µ up to first order in perturbations. From this explicit example we see that the frequency of the wave does not change in geometric optics for far observers, and the only changes are given by the directions of the tetrad, which is parallel transported along the geodesic of gravitons. We also see that the amplitude of the tensor is not modified by the propagation. This is because in this specific example the right hand side of Eq. (27) vanishes. Finally, the ratio between left and right handed polarizations at the observer and at the source are the same. This is a consequence of the fact that the polarization tensor is parallel transported along a ray.
IV. POLARIZATION
In a general metric theory, gravitational waves can have up to six different polarization modes corresponding to six independent degrees of freedom carried by the Riemann tensor. These components are encoded in the so-called Newman-Penrose (NP) scalars, which are given in terms of projections of the Weyl tensor of the wave on the null tetrad basis. Specifically, the six polarizations are encoded in the following quantities [25] 
with all other projections being redundant. The scalars Ψ 4 and Ψ 3 are complex and describe helicity-2 and helicity-1 polarizations, respectively. The scalars Ψ 2 and Φ 22 are real and describe spin-0 polarizations. Here, C µναβ is the Weyl tensor linear in the h µν perturbation. In this work, since we are considering perturbations in vacuum, the Weyl tensor is equal to the Riemann tensor. Next, we explicitly compute the Newman-Penrose scalars associated to a gravitational wave propagating on a vacuum solution, up to first order beyond geometric optics. Using doubled square brackets to denote independent antisymmetrization over the inner and outer pairs of indices (for example t [a[bc]d] = 1 2 (t a[bc]d −t d[bc]a ) we can write the Riemann tensor as:
Replacing the expression for the metric (37) and ordering powers of ω up to O(ω 0 ), one obtains
and
We see that terms with the background Riemann in (103) appear only two orders beyond geometric optics since they do not contain any derivative of the GW field. Since in geometric optics the polarization tensor is transverse, using the properties of the tetrad and in particular the fact that k µ n ν and µ m µ are the only non-vanishing contractions, it is straightforward to check that in geometric optics only Ψ 4 is non-vanishing.
We stress that the usefulness of the Newman-Penrose formalism resides on the fact that these are all gauge invariant variables. It follows that even if we did not fix completely the gauge at the level of h µν , the Newman-Penrose scalars will contain only those components of h µν corresponding to physical degrees of freedom. In general, when using the geometric optics tetrad to project the Weyl and compute the Newman Penrose scalars beyond geometric optics, polarizations other then Ψ 4 will arise, as recently discussed in Ref. [21] for both the case of electromagnetic and gravitational wave. We compute here their explicit expression in terms of the coefficients α (1) AB introduced in the previous section.
All the Newman-Penrose scalars will have the same schematic form:
where p denotes the numerical pre-factor in the definitions (99)-(102), and the vectors {A µ , B µ ,C µ , D µ } correspond to specific vectors of the null tetrad. We can rewrite this general expression as:
where we have defined
Next, we assume that ε (0) µν is given by eq. (98), whereas ε
µν is completely generic with all non-zero α (1) AB coefficients. In this case, we find the following expressions for the NP scalars:
which is manifestly real, and only contributes beyond geometric optics. Note that this can be rewritten solely in terms of the geometric optics solution by using eq. (81):
We also obtain:
which is a complex scalar, whose real and imaginary parts describe the two vector polarizations. Again, this can be fully rewritten in terms of the geometric optics solution using the gauge equations to obtain:
In addition, we find:
From here we explicitly confirm that Ψ 4 is the only non-zero NP scalar in the geometric optics regime, whose real and complex components are determined by the amplitudes α (0) mm and α (0) , which describe the two tensor polarizations as expected.
Finally, we obtain the last NP scalar:
which is real as it can be explicitly verified using the fact that the polarization tensor is symmetric. We conclude that all the NP scalars are fully determined by the components α mm and α at all orders, together with the null tetrad (which is fixed in the geometric optics regime). This means that from the full set of equations (70)-(79) beyond geometric optics, we only need to solve (78)-(79) for α (1) mm and α (1) . All the other components are hence expected to be dependent or gauge artifacts. Note that the NP scalars depend on the chosen tetrad, and here we are projecting the Riemann tensor onto a parallel transported tetrad. Once beyond geometric optics corrections are included, the total wave changes its propagation properties as diffraction effects are taken into account. Wave mechanics differs increasingly from geometric optics as the wavelength increases relative to the scale length of the medium inhomogeneities. The number of paths that can combine constructively increases and the rays that connect two points become blurred. In our description, this phenomenon manifests itself in the appearance of effective polarization modes along the direction of the geometric optics ray. We emphasize that this does not mean that there are actual new physical degrees of freedom: everything is still expressed in terms of 4 real initial conditions, i.e. we have only 2 propagating degrees of freedom.
The results of this section show that beyond geometric optics lead to diffraction effects that smear the polarization plane transverse to k µ , and small new vector and scalar polarizations arise.
V. PROPAGATION OF ENERGY
As we have previously discussed, when corrections beyond geometric optics are included, the null tetrad loses its precise physical meaning. In particular k µ will not represent the direction of propagation of energy anymore. Due to the absence of a geometrical definition of propagation, in this section, we study the effective propagation of energy of the wave as a physically meaningful quantity. This quantity can be reconstructed by a direct inspection of the pseudo stress-energy momentum tensor of the wave.
In the absence of curvature (sufficiently far from the lens), the energy momentum tensor of gravitational waves can be written as [26] 
where we have reintroduced units of c and G to make contact with standard results in the literature. Using (36) and (37) we can write the geometric optics contribution and the contribution beyond geometric optics as:
We calculate these terms and obtain:
and t (1)
Next, we define the effective energy momentum tensor, obtained averaging over several oscillations of the wave, as
where . . . denotes a time average over several periods of the wave. In our context, the fast oscillating part of the wave is driven by the eikonal phase Φ and thus we average over Φ (equivalently, over several fast oscillations, at a fixed location). By doing this, we find in the geometric optics limit the standard result (see e.g. [26] )
where A is the amplitude of the polarization in geometric optics as defined in eq. (26) . For the leading order corrections to geometric optics we get:
Since the polarization tensor in geometric optics has the form in (87), using the orthogonality property of the tetrad, eqs.
(44)-(49), we obtain that only the coefficients α (1) and α (1) mm are non-vanishing in eq. (124). We also observe that for a wave linearly polarized at emission, t αβ ). In other words, for a linearly polarized wave corrections to the energy momentum tensor at one order beyond geometric optics cancel out once averaging over several periods of oscillation. This is due to the fact that, as mentioned in Sec. II B, for a linearly polarized wave the geometric optic solution is real and corrections at one order beyond geometric optics are dephased of π/2 with respect to the geometric optics order (i.e. they are purely imaginary).
We can write the (effective) energy momentum tensor up to order ω in the following compact form
where we have introduced the vector
A tentative interpretation is that, at first order beyond geometric optics, the real vector K µ , as opposite to k µ gives the effective direction along which the average energy of the wave mainly propagates. We recall that here ω is just an expansion parameter, with no physical meaning. However, since it multiplies the phase Φ (see eq. (19)), flipping the sign of ω from 1 to −1 corresponds to a flip of the helicity of the wave. It follows that, since the corrections in eq. (125) are proportional to ω, waves of opposite helicity do not feel the same effect when propagating on a curved background. We expect this effect to be particularly important for waves propagating across a Kerr black hole. Indeed, in this case it is known that in the long wavelength limit gravitational waves of opposite helicity are scattered in a different way, see e.g. [27] . A similar result has been recently found in [19] for the case of electromagnetic waves. An explicit computation and analysis of this effect for various astrophysical lenses will be addressed in the future.
VI. DISCUSSION
In this paper we have shown that beyond geometric optic corrections become important when the wavelength of the wave is of the order (or larger) than the Schwarzschild radius of the lens. In table I, we mention relevant wavelengths for present and future GW observatories. The range 10 −9 − 10 −6 Hz is covered by the International Pulsar Timing Array Consortium 7 (IPTA). Frequencies in the range 10 −4 − 10 −1 Hz will be probed with the space-based LISA scheduled to be launched in 2034. Higher frequencies (1 − 10 3 Hz) are accessible with ground-based interferometers, including Advanced LIGO (aLIGO) [28] and Advanced Virgo (aVirgo) [2] , KAGRA interferometer which is expected to become operational by the end of 2019 and LIGO India which is currently under construction. A third generation of ground-based interferometers, the Einstein Telescope 8 (ET) and the Cosmic Explorer (CE) [29] are in their design stages.
Detector Frequency (Hz) Wavelength (pc) LIGO/Virgo 10 0 − 10 3 10 −8 − 10 −11 LISA 10 −4 − 10 −1 10 −4 − 10 −7 IPTA 10 −9 − 10 −6 10 −1 − 10 1 As a comparison, we also mention the values of Schwarzschild radii of different objects. Solar mass black holes have r S ∼ 10 −13 pc, supermassive black holes have r S ∼ 10 −9 pc, and galaxies such as the Milky Way have r S ∼ 10 −2 pc. In the LIGO frequency band wave effects are expected for waves passing in the vicinity of solar mass or some supermassive black holes. In the LISA band, wave effects are expected to appear when the lens is given by astrophysical objects in a wide mass range. For waves in the frequency range covered by IPTA, effects beyond geometric optics become relevant even when the lens is a galaxy (see e.g. [17] for an analysis on time delay including wave effects). When wave effects start becoming important, geometric optics may still remain a useful approximation and more accurate results can be obtained by including higher-order corrections, which provide insight into wave-optical phenomena that are not present in the eikonal limit.
We have analyzed the propagation of gravitational waves on a curved background and we have proposed a perturbative method for studying corrections to the geometric optics limit. In particular, we have discussed the effects of beyond geometric optics corrections on the polarization tensor of the wave and we have illustrated the impact on the energy momentum tensor of the gravitational wave. We found that, in general, the wave beyond geometric optics gets diffractive effects that smear the polarization plane transverse to the geometric optics wave. As a result, the total wave exhibits longitudinal components along the geometric optics propagation vector, which is reflected on the appearance of additional (effective) vector and scalar polarization modes when projecting the Riemann tensor of the wave onto the standard eikonal 4-vector basis. In the absence of a natural definition of a single wave vector for the diffracted wave, we have analyzed the effective direction of propagation of the energy by direct inspection of the pseudo stress-energy momentum tensor (at first order beyond geometric optics). We found that the effective direction (obtained averaging over several fast oscillations) of propagation of energy is misaligned with the eikonal direction of the wave.
We emphasize that in this paper we have made an initial study on how the propagation of a single plane wave gets affected by diffraction. Observationally, because of diffraction effects, the number of paths that can combine constructively increases and the rays that connect two points are the geometric optics rays plus diffracted components of other rays ignored in the geometric optics description. The fact that we have kept the tensor structure of the wave in the equations of motion, will allow us in the future to estimate what the net amplitude and polarization of the detected wave will be for different lensing geometries. Ultimately, we will address the observability of the wave effects discussed in this article in different physical situations, e.g. on the propagation and waveform of compact binaries observable by LIGO and LISA lensed by foreground stellar fields.
